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SPECTRAL GAPS FOR PERIODIC SCHRO¨DINGER
OPERATORS WITH HYPERSURFACE MAGNETIC WELLS
B. HELFFER AND Y. A. KORDYUKOV
Abstract. We consider a periodic magnetic Schro¨dinger operator on a
noncompact Riemannian manifold M such that H1(M,R) = 0 endowed
with a properly discontinuous cocompact isometric action of a discrete
group. We assume that there is no electric field and that the magnetic
field has a periodic set of compact magnetic wells. We review a general
scheme of a proof of existence of an arbitrary large number of gaps in
the spectrum of such an operator in the semiclassical limit, which was
suggested in our previous paper, and some applications of this scheme.
Then we apply these methods to establish similar results in the case
when the wells have regular hypersurface pieces.
Introduction
Let M be a noncompact oriented manifold of dimension n ≥ 2 equipped
with a properly discontinuous action of a finitely generated, discrete group
Γ such that M/Γ is compact. Suppose that H1(M,R) = 0, i.e. any closed
1-form on M is exact. Let g be a Γ-invariant Riemannian metric and B a
real-valued Γ-invariant closed 2-form on M . Assume that B is exact and
choose a real-valued 1-form A on M such that dA = B.
Thus, one has a natural mapping
u 7→ ih du+Au
from C∞c (M) to the space Ω
1
c(M) of smooth, compactly supported one-
forms on M . The Riemannian metric allows to define scalar products in
these spaces and consider the adjoint operator
(ih d +A)∗ : Ω1c(M)→ C∞c (M).
A Schro¨dinger operator with magnetic potential A is defined by the formula
Hh = (ih d +A)∗(ih d+A).
Here h > 0 is a semiclassical parameter, which is assumed to be small.
Key words and phrases. magnetic Schro¨dinger operator; magnetic well; spectral gaps;
Riemannian manifolds; semiclassical limit; quasimodes.
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Choose local coordinates X = (X1, . . . ,Xn) on M . Write the 1-form A
in the local coordinates as
A =
n∑
j=1
Aj(X) dXj ,
the matrix of the Riemannian metric g as
g(X) = (gjℓ(X))1≤j,ℓ≤n
and its inverse as
g(X)−1 = (gjℓ(X))1≤j,ℓ≤n.
Denote |g(X)| = det(g(X)). Then the magnetic field B is given by the
following formula
B =
∑
j<k
Bjk dXj ∧ dXk, Bjk = ∂Ak
∂Xj
− ∂Aj
∂Xk
.
Moreover, the operator Hh has the form
Hh =
1√|g(X)|
∑
1≤j,ℓ≤n
(
ih
∂
∂Xj
+Aj(X)
)
×
[√
|g(X)|gjℓ(X)
(
ih
∂
∂Xℓ
+Aℓ(X)
)]
.
For any x ∈ M , denote by B(x) the anti-symmetric linear operator on
the tangent space TxM associated with the 2-form B:
gx(B(x)u, v) = Bx(u, v), u, v ∈ TxM.
Recall that the intensity of the magnetic field is defined as
Tr+(B(x)) =
∑
λj(x)>0
iλj(x)∈σ(B(x))
λj(x) =
1
2
Tr([B∗(x) ·B(x)]1/2).
It turns out that in many problems the function x 7→ h · Tr+(B(x)) can be
considered as a magnetic potential, that is, as a magnetic analogue of the
electric potential V in a Schro¨dinger operator −h2∆+ V .
We will also use the trace norm of B(x):
|B(x)| = [Tr(B∗(x) · B(x))]1/2.
It coincides with the norm of B(x) with respect to the Riemannian metric
on the space of linear operators on TxM induced by the Riemannian metric
g on M .
In this paper we will always assume that the magnetic field has a periodic
set of compact potential wells. More precisely, put
b0 = min{Tr+(B(x)) : x ∈M}
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and assume that there exist a (connected) fundamental domain F and a
constant ǫ0 > 0 such that
(1) Tr+(B(x)) ≥ b0 + ǫ0, x ∈ ∂F .
For any ǫ1 ≤ ǫ0, put
Uǫ1 = {x ∈ F : Tr+(B(x)) < b0 + ǫ1}.
Thus Uǫ1 is an open subset of F such that Uǫ1 ∩∂F = ∅ and, for ǫ1 < ǫ0, Uǫ1
is compact and included in the interior of F . Any connected component of
Uǫ1 with ǫ1 < ǫ0 and also any its translation under the action of an element of
Γ can be understood as a magnetic well. These magnetic wells are separated
by potential barriers, which are getting higher and higher when h → 0 (in
the semiclassical limit).
For any linear operator T in a Hilbert space, we will denote by σ(T ) its
spectrum. By a gap in the spectrum of a self-adjoint operator T we will
mean any connected component of the complement of σ(T ) in R, that is,
any maximal interval (a, b) such that
(a, b) ∩ σ(T ) = ∅ .
The problem of existence of gaps in the spectra of second order periodic
differential operators has been extensively studied recently. Some related
results on spectral gaps for periodic magnetic Schro¨dinger operators can be
found for example in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] (see also the
references therein).
In this paper, we consider the magnetic Schro¨dinger operator Hh as an
unbounded self-adjoint operator in the Hilbert space L2(M) and will study
gaps in the spectrum of this operator, which are located below the top of
potential barriers, that is, on the interval [0, h(b0 + ǫ0)]. In this case, the
important role is played by the tunneling effect, that is, by the possibility
for the quantum particle described by the Hamiltonian Hh with such an
energy to pass through a potential barrier. Using the semiclassical analysis
of the tunneling effect, we showed in [2] that the spectrum of the magnetic
Schro¨dinger operator Hh on the interval is localized in an exponentially
small neighborhood of the spectrum of its Dirichlet realization inside the
wells. This result reduces the investigation of gaps in the spectrum of the
operator Hh to the study of the eigenvalue distribution for a “one-well”
operator and leads us to suggest a general scheme of a proof of existence
of spectral gaps in [3]. We review this scheme and some of its applications
in Section 1. Then, in Section 2, we will apply these methods to prove
the existence of an arbitrary large number of gaps in the spectrum of the
operator Hh, as h → 0, under the assumption that b0 = 0 and the zero set
of B has regular codimension one pieces.
4 B. HELFFER AND Y. A. KORDYUKOV
1. Quasimodes and spectral gaps
In this section, we review a general scheme of a proof of existence of gaps
in the spectrum of the magnetic Schro¨dinger operator Hh on the interval
[0, h(b0 + ǫ0)] and some of its applications obtained in [3].
1.1. A general scheme. For any domain W in M , denote by HhW the
unbounded self-adjoint operator in the Hilbert space L2(W ) defined by the
operator Hh in W with the Dirichlet boundary conditions. The operator
HhW is generated by the quadratic form
u 7→ qhW [u] :=
∫
W
|(ih d +A)u|2 dx
with the domain
Dom(qhW ) = {u ∈ L2(W ) : (ih d +A)u ∈ L2Ω1(W ), u |∂W = 0},
where L2Ω1(W ) denotes the Hilbert space of L2 differential 1-forms on W ,
dx is the Riemannian volume form on M .
Assume now that the operator Hh satisfies the condition (1). Fix ǫ1 > 0
and ǫ2 > 0 such that ǫ1 < ǫ2 < ǫ0, and consider the operator H
h
D associated
with the domain D = Uǫ2 . The operator H
h
D has discrete spectrum.
The following result is a slight generalization of Theorem 2.1 in [3], which
is concerned with the case when Nh is independent of h. It permits to get
a more precise information on the number of gaps as h→ 0.
Theorem 1.1. Suppose that there exist h0 > 0, c > 0, M ≥ 1 and that, for
h ∈ (0, h0], there exists Nh and a subset µh0 < µh1 < . . . < µhNh of an interval
I(h) ⊂ [0, h(b0 + ǫ1)) such that
µhj − µhj−1 > chM , j = 1, . . . , Nh,
dist(µh0 , ∂I(h)) > ch
M , dist(µhNh , ∂I(h)) > ch
M ,
and, for each j = 0, 1, . . . , Nh, there exists some non trivial v
h
j ∈ C∞c (D)
such that
‖HhDvhj − µhj vhj ‖ ≤
c
3
hM ‖vhj ‖ .
Then there exists h1 ∈ (0, h0] such that the spectrum of Hh on the interval
I(h) has at least Nh gaps for h ∈ (0, h1).
1.2. A generic situation. As a first application of Theorem 1.1, we show
in [3] that the spectrum of the Schro¨dinger operator Hh, satisfying the
assumption (1), always has gaps (moreover, an arbitrarily large number of
gaps) on the interval [0, h(b0 + ǫ0)] in the semiclassical limit h → 0. Under
some additional generic assumption, this result was obtained in [2]. Indeed,
slightly modifying the arguments of [3], one can show the following theorem.
Theorem 1.2. Under the assumption (1), for any interval [α, β] ⊂ [b0, b0+
ǫ0] and for any natural N , there exists h0 > 0 such that, for any h ∈ (0, h0],
the spectrum of Hh in the interval [hα, hβ] has at least N gaps.
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The proof of this theorem can be given by a straightforward repetition of
the proof of Theorem 3.1 in [3] with the only difference — one should choose
µ0 < µ1 < . . . < µN in the interval (α, β) instead of (b0, b0 + ǫ0).
Indeed, using Theorem 1.1 with Nh dependent on h and a continuous
family of quasimodes constructed in the proof of Proposition 2.3 in [2], we
can get an estimate for the number of gaps in the constant rank case. Denote
by [a] the integer part of a (the largest integer n satisfying n ≤ a).
Theorem 1.3. Under the assumption (1), suppose that the rank of B is
constant in an open set U ⊂ M . Then, for any interval [α, β] ⊂ Tr+B(U),
there exists h0 > 0 and C > 0 such that, for any h ∈ (0, h0], the spectrum
of Hh in the interval [hα, hβ] has at least [Ch−1/3] gaps.
1.3. The case of discrete wells. A more precise information on loca-
tion and asymptotic behavior of gaps in the spectrum of the magnetic
Schro¨dinger operator Hh, satisfying the assumption (1), can be obtained, if
we impose additional hypotheses on the bottoms of magnetic wells. In this
section, we consider a case when the bottom of the magnetic well contains
zero-dimensional components, that is, isolated points, and, moreover, the
magnetic field behaves regularly near these points. More precisely, we will
assume that b0 = 0 and that there is at least one zero x0 of B such that, for
some integer k > 0, there exists a positive constant C such that for all x in
some neighborhood of x0 the estimate holds:
(2) C−1d(x, x0)
k ≤ |B(x)| ≤ Cd(x, x0)k
(here d(x, y) denotes the geodesic distance between x and y). In this case,
the important role is played by a differential operator Khx¯0 in R
n, which
is in some sense an approximation to the operator Hh near x0. Recall its
definition (see [14]).
Let x¯0 be a zero of B. Choose local coordinates f : U(x¯0) → Rn on
M , defined in a sufficiently small neighborhood U(x¯0) of x¯0. Suppose that
f(x¯0) = 0, and the image f(U(x¯0)) is a ball B(0, r) in R
n centered at the
origin.
Write the 2-form B in the local coordinates as
B(X) =
∑
1≤ℓ<m≤n
bℓm(X) dXℓ ∧ dXm, X = (X1, . . . ,Xn) ∈ B(0, r).
Let B0 be the closed 2-form in Rn with polynomial components defined by
the formula
B0(X) =
∑
1≤ℓ<m≤n
∑
|α|=k
Xα
α!
∂αbℓm
∂Xα
(0) dXℓ ∧ dXm, X ∈ Rn.
One can find a 1-form A0 on Rn with polynomial components such that
dA0(X) = B0(X), X ∈ Rn.
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Let Khx¯0 be a self-adjoint differential operator in L
2(Rn) with polynomial
coefficients given by the formula
Khx¯0 = (ih d+A
0)∗(ih d+A0),
where the adjoints are taken with respect to the Hilbert structure in L2(Rn)
given by the flat Riemannian metric (gℓm(0)) in R
n. If A0 is written as
A0 = A01 dX1 + . . .+A
0
n dXn,
then Khx¯0 is given by the formula
Khx¯0 =
∑
1≤ℓ,m≤n
gℓm(0)
(
ih
∂
∂Xℓ
+A0ℓ (X)
)(
ih
∂
∂Xm
+A0m(X)
)
.
The operators Khx¯0 have discrete spectrum (cf, for instance, [15, 16]). Using
the simple dilation X 7→ h 1k+2X, one can show that the operator Khx¯0 is
unitarily equivalent to h
2k+2
k+2 K1x¯0 . Thus, h
− 2k+2
k+2 Khx¯0 has discrete spectrum,
independent of h.
Theorem 1.4 ([3]). Suppose that the operator Hh satisfies the condition
(1) with some ǫ0 > 0 and that there exists a zero x¯0 of B, satisfying the
assumption (2) for some integer k > 0. Denote by λ1 < λ2 < λ3 < . . .
the eigenvalues of the operator K1x¯0 (not taking into account multiplicities).
Then, for any natural N and any C > λN+1, there exists h0 > 0 such that
the spectrum of Hh in the interval [0, Ch
2k+2
k+2 ] has at least N gaps for any
h ∈ (0, h0).
2. Hypersurface wells
In this section, we consider the case when b0 = 0 and the zero set of the
magnetic field has regular codimension one pieces. More precisely, suppose
that there exists x0 ∈ M such that B(x0) = 0 and in a neighborhood U of
x0 the zero set of B is a smooth oriented hypersurface S, and, moreover,
there are constants k ∈ N and C > 0 such that for all x ∈ U we have:
(3) C−1d(x, S)k ≤ |B(x)| ≤ Cd(x, S)k .
On compact manifolds, this model was introduced for the first time by
Montgomery [17] and was further studied in [14, 18, 19].
Let
ω0.0 = i
∗
SA
be the closed one form on S induced by A, where iS is the embedding of S
to M .
Denote by N the external unit normal vector to S and by N˜ an arbitrary
extension of N to a smooth vector field on U .
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Let ω0,1 be the smooth one form on S defined, for any vector field V on
S, by the formula
〈V, ω0,1〉(y) = 1
k!
N˜k(B(N˜ , V˜ ))(y), y ∈ S,
where V˜ is a C∞ extension of V to U . By (3), it is easy to see that ω0,1(x) 6= 0
for any x ∈ S. Denote
ωmin(B) = inf
x∈S
|ω0,1(x)| > 0.
For any α ∈ R and β ∈ R, β 6= 0, consider the self-adjoint second order
differential operator in L2(R) given by
Q(α, β) = − d
2
dt2
+
(
1
k + 1
βtk+1 − α
)2
.
In the context of magnetic bottles, this family of operators (for k = 1)
first appears in [17] (see also [14]). Denote by λ0(α, β) the bottom of the
spectrum of the operator Q(α, β).
Let us recall some properties of λ0(α, β), which were established in [17,
14, 18]. First of all, remark that λ0(α, β) is a continuous function of α ∈ R
and β ∈ R \ {0}. One can see by scaling that, for β > 0,
(4) λ0(α, β) = β
2
k+2λ0(β
− 1
k+2α, 1) .
A further discussion depends on k odd or k even.
When k is odd, λ0(α, 1) tends to +∞ as α → −∞ by monotonicity. For
analyzing its behavior as α→ +∞, it is suitable to do a dilation t = α 1k+1 s,
which leads to the analysis of
α2
(
−h2 d
2
ds2
+
(
sk+1
k + 1
− 1
)2)
with h = α−(k+2)/(k+1) small. Semi-classical analysis is relevant, and it is
easy to show, using harmonic approximation, that
λ0(α, 1) ∼ (k + 1)
2k
k+1α
k
k+1 , as α→ +∞ .
In particular, we see that λ0(α, 1) tends to +∞.
When k is even, we have λ0(α, 1) = λ0(−α, 1), and, therefore, it is suffi-
cient to consider the case α ≥ 0. As α→ +∞, semi-classical analysis again
shows that λ0(α, 1) tends to +∞.
So in both cases, it is clear that the continuous function λ0(α, 1) is lower
semi-bounded:
νˆ := inf
α∈R
λ0(α, 1) > −∞,
and there exists (at least one) αmin ∈ R such that λ0(α, 1) is minimal:
λ0(αmin, 1) = νˆ.
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For k odd, one can show that the minimum αmin is strictly positive. One
can indeed compute the derivative of λ0(α, 1) at α = 0 and find that
∂λ0
∂α
(0, 1) < 0 .
In the case k = 1, it has been shown that this minimum is unique (see [18]).
Numerical computations show (see [17, 14]) that, in this case, νˆ ∼= 0.5698.
Theorem 2.1. For any a and b such that
νˆ ωmin(B)
2
k+2 < a < b
and for any natural N , there exists h0 > 0 such that, for any h ∈ (0, h0],
the spectrum of Hh in the interval
[h
2k+2
k+2 a, h
2k+2
k+2 b]
has at least N gaps.
Proof. Let g0 be the Riemannian metric on S induced by g. Without loss
of generality, we can assume that U coincides with an open tubular neigh-
borhood of S and choose a diffeomorphism
Θ : I × S → U,
where I is an open interval (−ε0, ε0) with ε0 > 0 small enough, such that
Θ
∣∣
{0}×S = id and
(Θ∗g − g˜0)
∣∣
{0}×S = 0,
where g˜0 is a Riemannian metric on I × S given by
g˜0 = dt
2 + g0.
By adding to A the exact one form dφ, where φ is the function satisfying
N(x)φ(x) = −〈N,A〉(x), x ∈ U,
φ(x) = 0, x ∈ S,
we may assume that
〈N,A〉(x) = 0, x ∈ U.
As above, denote by HhD the unbounded self-adjoint operator in L
2(D)
given by the operator Hh in the domain D = U with the Dirichlet boundary
conditions.
For any t ∈ R, let P hS
(
ω0,0 +
1
k+1t
k+1ω0,1
)
be a formally self-adjoint
operator in L2(S, dxg0) defined by
P hS
(
ω0,0 +
1
k + 1
tk+1ω0,1
)
=
(
ihd+ ω0,0 +
1
k + 1
tk+1ω0,1
)∗
×
(
ihd+ ω0,0 +
1
k + 1
tk+1ω0,1
)
.
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Consider the self-adjoint operator Hh,0 in L2(R × S, dt dxg0) defined by
the formula
Hh,0 = −h2 ∂
2
∂t2
+ P hS
(
ω0,0 +
1
k + 1
tk+1ω0,1
)
with the Dirichlet boundary conditions. By Theorem 2.7 of [14], the operator
Hh,0 has discrete spectrum. Moreover, it can be seen from the proof of
this theorem that if λ0(h) is an approximate eigenvalue of Hh,0 with the
corresponding approximate eigenfunction wh ∈ C∞c (R× S) such that
λ0(h) ≤ Dh(2k+2)/(k+2)
and
‖(Hh,0 − λ0(h))wh‖ ≤ Ch(2k+3)/(k+2)‖wh‖,
then λ0(h) is an approximate eigenvalue of HhD with the corresponding ap-
proximate eigenfunction vh = (Θ−1)∗wh ∈ C∞c (U):
‖(HhD − λ0(h))vh‖ ≤ Ch(2k+3)/(k+2)‖vh‖.
So it remains to construct approximate eigenvalues of Hh,0.
Lemma 2.1. For any λ ≥ νˆ ωmin(B)2/(k+2), there exists Φ ∈ C∞c (R × S)
such that
‖(Hh,0 − λh 2k+2k+2 )Φ‖ ≤ Ch 6k+83(k+2) ‖Φ‖.
Proof. Take x1 ∈ S such that |ω0,1(x1)| = ωmin(B). Consider α1 ∈ R such
that λ0(α1, 1) = λωmin(B)
−2/(k+2) ≥ νˆ. Let ψ ∈ L2(R) be a normalized
eigenfunction of Q(α1, 1), corresponding to λ0(α1, 1):[
− d
2
dt2
+
(
1
k + 1
tk+1 − α1
)2]
ψ(t) = λωmin(B)
− 2
k+2ψ(t), ‖ψ‖L2(R) = 1.
Then the function
Ψ(t) = ωmin(B)
1
2(k+2)h
− 1
2(k+2)ψ(ωmin(B)
1
k+2h−
1
k+2 t)
satisfies(
−h2 d
2
dt2
+
(
1
k + 1
ωmin(B)t
k+1 − α1ωmin(B)
1
k+2h
k+1
k+2
)2)
Ψ(t)
= λh
2k+2
k+2 Ψ(t), ‖Ψ‖L2(R) = 1.
Take normal coordinates f : U(x1) ⊂ S → Rn−1 on S defined in a neigh-
borhood U(x1) of x1, where f(U(x1)) = B(0, r) is a ball in R
n−1 centered
at the origin and f(x1) = 0. Choose a function φ ∈ C∞(B(0, r)) such that
dφ = ω0,0. Write ω0,1 =
∑n−1
j=1 ωj(s) dsj . Note that
ωmin(B) =

n−1∑
j=1
|ωj(0)|2


1/2
.
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Consider the function Φ ∈ C∞(B(0, r)× R) given by
(5) Φ(s, t) = ch−β/2(n−1)χ(s) exp
(
−iφ(s)
h
)
exp

i
α1
n−1∑
j=1
ωj(0)sj
ωmin(B)
k+1
k+2h
1
k+2


× exp
(
− |s|
2
2h2β
)
Ψ(t), s ∈ B(0, r), t ∈ R,
with some β, where χ ∈ C∞c (B(0, r)) is a cut-off function, c is chosen in
such a way that ‖Φ‖L2(S×R) = 1.
Put
Hh,1 = −h2 ∂
2
∂t2
+ P hS
(
1
k + 1
tk+1ω0,1 − α1ωmin(B)−
k+1
k+2h
k+1
k+2ω0,1(0)
)
,
E(s) = ch−β/2(n−1)χ(s) exp
(
− |s|
2
2h2β
)
,
Φ1(s, t) = E(s)Ψ(t).
Then we have
Hh,0Φ(s, t) = exp
(
−iφ(s)
h
)
exp

i
α1
n−1∑
j=1
ωj(0)sj
ωmin(B)
k+1
k+2h
1
k+2

Hh,1Φ1(s, t).
Next, we have
P hS
(
1
k + 1
tk+1ω0,1 − α1ωmin(B)−
k+1
k+2h
k+1
k+2ω0,1(0)
)
=
∑
j,ℓ
1√
g0
(
ih
∂
∂sj
+
1
k + 1
tk+1ωj(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωj(0)
)
×
(
gjℓ0
√
g0
(
ih
∂
∂sℓ
+
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
))
=
∑
j,ℓ
gjℓ0
(
ih
∂
∂sj
+
1
k + 1
tk+1ωj(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωj(0)
)
×
(
ih
∂
∂sℓ
+
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
+
∑
ℓ
ihΓℓ(s)
(
ih
∂
∂sℓ
+
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
=− h2
∑
j,ℓ
gjℓ0
∂2
∂sj∂sℓ
+ 2ih
∑
j,ℓ
gjℓ0
1
k + 1
tk+1
∂ωℓ
∂sj
(s)
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+ 2ih
∑
j,ℓ
gjℓ0
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
∂
∂sj
+
∑
j,ℓ
gjℓ0
(
1
k + 1
tk+1ωj(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωj(0)
)
×
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
− h2
∑
ℓ
Γℓ(s)
∂
∂sℓ
+ ih
∑
ℓ
Γℓ(s)
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
,
where
Γℓ =
∑
j
1√
g0
∂
∂sj
(
gjℓ0
√
g0
)
.
By a well-known property of normal coordinates, we have ∂jg
ℓm
0 (0) = 0. So
we get Γℓ(0) = 0, and
(6) gℓm0 (s) = δ
ℓm +O(|s|2), Γℓ(s) = O(|s|), s→ 0.
We get
Hh,1Φ1(s, t) = λh
2k+2
k+2 Φ1(s, t)− h2
∑
j,ℓ
gjℓ0
∂2E
∂sj∂sℓ
(s)Ψ(t)
+ 2ih
∑
j,ℓ
gjℓ0
1
k + 1
∂ωℓ
∂sj
E(s)tk+1Ψ(t)
+ 2ih
∑
j,ℓ
gjℓ0
∂E
∂sj
(s)
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
Ψ(t)
+R(s, t)E(s)Ψ(t)− h2
∑
ℓ
Γℓ(s)
∂
∂sℓ
E(s)Ψ(t)
+ ih
∑
ℓ
Γℓ(s)
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
E(s)Ψ(t),
where
R(s, t) =
∑
j,ℓ
gjℓ0
(
1
k + 1
tk+1ωj(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωj(0)
)
×
(
1
k + 1
tk+1ωℓ(s)− α1ωmin(B)−
k+1
k+2h
k+1
k+2ωℓ(0)
)
−
∑
j
(
1
k + 1
tk+1ωmin(B)
2 − α1ωmin(B)
1
k+2h
k+1
k+2
)2
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=
1
(k + 1)2

∑
j,ℓ
gℓ0(s)ωj(s)ωℓ(s)−
∑
j
(ωj(0))
2

 t2(k+1)
− 2
k + 1
tk+1
∑
j
(ωj(s)− ωj(0))α1ωmin(B)−
k+1
k+2h
k+1
k+2ωj(0)
+O(|s|2)
∑
j
(
1
k + 1
tk+1ωmin(B)− α1ωmin(B)
1
k+2h
k+1
k+2
)2
.
We have
(7) ‖|s|mE(s)‖ =
(
h−β(n−1)
∫
Rn−1
|s|2m exp
(
−|s|
2
h2β
)
ds
)1/2
= C1h
βm,
and, furthermore,
(8) ‖|s|m ∂E
∂sj
(s)‖ = C2hβ(m−1), ‖|s|m ∂
2E
∂sj∂sℓ
(s)‖ = C3hβ(m−2).
We also have
(9) ‖tk+1Ψ(t)‖ ≤ C4h
k+1
k+2 , ‖t2(k+1)Ψ(t)‖ ≤ C5h
2k+2
k+2 .
Since s = 0 is a minimum of |ω0,1(s)|2, we have
(10) |ω0,1(s)|2 − ωmin(B)2 =
∑
j,ℓ
gjℓ0 (s)ωj(s)ωℓ(s)− (ωj(0))2 ≤ C6|s|2
and (
∂
∂sr
|ω0,1|2
)
(0) = 2
∑
j
∂ωj
∂sr
(0)ωj(0) = 0,
that implies
(11)
∣∣∣∣∣∣
∑
j
(ωj(s)− ωj(0))ωj(0)
∣∣∣∣∣∣ ≤ C7|s|2.
Using (6), (7), (8), (9), (10) and (11) and putting β = 13(k+2) , one can easily
get that
‖Hh,0Φ− λh 2k+2k+2 Φ‖ ≤ Ch 6k+83(k+2) .

Given a and b such that νˆ ωmin(B)
2/(k+2) < a < b and some natural N ,
choose some finite sequence {νj}j=0,...,N such that
a < ν0 < ν1 < . . . < νN < b.
By Lemma 2.1, for any m = 0, 1, . . . , N ,
µhm = νmh
2k+2
k+2 ∈ [h(2k+2)/(k+2)a, h(2k+2)/(k+2)b]
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is an approximate eigenvalue of the operator HhD: for some Φ
h
m ∈ C∞c (D)
‖(Hh,0 − µhm)Φhm‖ ≤ Ch
6k+8
3(k+2) ‖Φhm‖.
Using Theorem 1.1 with Nh = N independent of h, we complete the proof.

Remark 2.1. Using the methods of the proof of Theorem 2.1, one can con-
struct much more approximate eigenvalues of the operatorHh on the interval
[h(2k+2)/(k+2)a, h(2k+2)/(k+2)b] with some a and b such that νˆ ωmin(B)
2/(k+2) <
a < b. Applying then Theorem 1.1 with Nh dependent on h, one can get
the following theorem.
Theorem 2.2. Under the assumptions of Theorem 2.1, for any a and b such
that
νˆ ωmin(B)
2
k+2 < a < b,
there exist h0 > 0 and C > 0 such that, for any h ∈ (0, h0], the spectrum of
Hh in the interval
[h
2k+2
k+2 a, h
2k+2
k+2 b]
has at least [Ch
− 2
3(k+2) ] gaps.
3. Concluding remarks
1. Suppose that the operatorHh satisfies the condition (1) with some ǫ0 >
0, and the zero set of the magnetic field B is a smooth oriented hypersurface
S. Moreover, assume that there are constants k ∈ N and C > 0 such that
for all x in a neighborhood of S we have:
C−1d(x, S)k ≤ |B(x)| ≤ Cd(x, S)k .
It is interesting to determine the bottom λ0(H
h) of the spectrum of the
operator Hh in L2(M). By Theorem 2.1 in [2] and Theorem 2.7 in [14],
λ0(H
h) is asymptotically equal to the bottom λ0(H
h,0) of the spectrum of
the operator Hh,0. From the construction of approximate eigenvalues of
Hh,0 given in Lemma 2.1, one can see that, in order to find λ0(H
h,0), it is
natural to consider a self-adjoint second order differential operator P (v,w),
v,w ∈ Rn−1, in L2(R) given by
P (v,w) = − d
2
dt2
+
∣∣∣∣ 1k + 1wtk+1 − v
∣∣∣∣
2
and minimize the bottoms λ0(v,w) of the spectrum of the operator P (v,w)
over v ∈ Rn−1 and w ∈ K, where K = {ω0,1(s) : s ∈ S¯} is a compact subset
of Rn−1 \ {0}.
The identity
P (v,w) =
(
− d
2
dt2
+
(
1
k + 1
|w|tk+1 − v ·w|w|
)2)
+
∣∣∣∣v− v ·w|w|2 w
∣∣∣∣
2
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shows that, for determining the minimum of λ0(v,w) over v ∈ Rn−1 and
w ∈ K, it is sufficient to assume that v is parallel to w. For such v
and w, we obtain P (v,w) = Q(α, β) with α = ±|v|, β = |w|. By (4),
it follows that, for determining the minimum of λ0(α, β) over α ∈ R and
β ∈ {|ω0,1(s)| : s ∈ S¯}, we should first minimize over β, that is, take s1 ∈ S
such that
|ω0,1(s1)| = min{|ω0,1(s)| : s ∈ S¯},
and then, for the minimal β, minimize over α.
This observation provides some explanations of our construction of ap-
proximate eigenvalues of the operator Hh,0 in Lemma 2.1, in particular, of
our choice for the exponent in (5). It also motivates us to formulate the
following conjecture:
Conjecture 3.1. Under current assumptions, for the bottom λ0(H
h) of the
spectrum of the operator Hh in L2(M), we have
lim
h→0
h−
2k+2
k+2 λ0(H
h) = νˆ ωmin(B)
2
k+2 .
Observe that a similar result was obtained by Pan and Kwek [18] for the
bottom of the spectrum of the Neumann realization of the operator Hh in
a bounded domain in the case k = 1.
2. In the setting of Section 2, one can assume that the function |ω0,1(x)|
has a non-degenerate minimum at some x1 ∈ S. In some sense this is the
“miniwells case” analyzed in [20] in comparison with the “uniform case”
analyzed in [21], which in this setting was studied in [3]. Then we can
obtain a more precise information about gaps located near the bottom of
the spectrum of Hh (see some relevant calculations in [19]). This will be
discussed elsewhere.
3. The similar results both like in Section 2 and like in the “miniwells
case” mentioned in the previous remark can be obtained when b0 6= 0 (for
the “miniwells case”, see some relevant results in [22]). We will consider
these problems in a future publication (see [23]).
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